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The existence of positive solutions of second order neutral differential equation 
(x(r)-cx(t-T))“+p(t)x(g(f))=o, 1210 (*I 
is investigated. Some sufficient conditions are given for the existence of positive 
solutions with asymptotic decay of (*) for the cases of constant sign and non- 
constant sign of coefficients. It also is shown that one of these suflkient conditions 
is necessary. 8 1992 Academic Press, Inc. 
1. INTRODUCTION 
A neutral differential equation (NDE for short) is a differential equation 
in which the highest order derivative of the unknown function appears 
both with and without delays. 
It is known that there are drastic differences in the behavior of solutions 
between NDE’s and nonNDE’s. During the last 10 years there has been a 
lot of activity concerned with the oscillatory and nonoscillatory behavior of 
NDE’s. But the results for the existence of positive solutions are relatively 
scarce in the literature. To the best of our knowledge, Grove, Kulenovic, 
and Ladas’s paper dealing with the existence of positive solutions of first 
order NDE’s is the first one in this direction. Since that time, some results 
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2 ZHANGANDYU 
have been obtained on this topic using various methods [ 1-6, 8, lo]. But 
we have not yet found an effective fixed point theorem for NDE’s. 
Conversely, it is well known that Schauder’s and Schauder-Techonov’s 
fixed point theorems are very effective for the proof of the existence of 
nonoscillatory solutions of nonNDE’s [7]. 
Our aim in this paper is to present some sufficient and also necessary 
and sufficient conditions for the existence of poistive solutions of second 
order neutral differential equations of the form 
(x(t)-cx(t--))“+p(t)x(g(t))=O, tat,, (1) 
where c, TER+, p, gEC([t,,, co), R) and g(t)-toO as t+co. 
In Section 2, we establish sufficient and also necessary and sufficient 
conditions for the existence of a positive solution of Eq. (1) with p(t) < 0. 
In Section 3, we obtain some sufficient conditions for the existence of a 
positive solution of Eq. (1) with p(t) 3 0. 
In the last section we discuss the existence of positive solutions of Eq. (1) 
with oscillating coefficients. 
In order to prove some of our results below we will use the following 
fixed point theorem: 
KRASNOSELSKII'S FIXED POINT THEOREM [ 111. Let Xbe a Banach space; 
Q be a bounded closed convex subset of X and let A, B be maps of Q into 
X such that Ax + By E Q for every pair x, y E a. If A is a strict ontraction 
map and B is completely continuous, then the equation 
Ax+ Bx=x 
has a solution i Q. 
The following results how that Krasnoselskii’s fixed point theorem is 
very effective for NDE’s. 
2. p(t)<0 
THEOREM 1. Assume that 
(i) O<c<l, z>O, p(t)<0 
(ii) there xists a constant c( > 0 such that eventually 
tea’ + (t-s)p(s)exp[a(t-g(s)] ds< 1. (2) 
Then Eq. (1) has a positive solution x(t) satisfying x(t) + 0 as t + co. 
EXISTENCE OF POSITIVE SOLUTIONS 3 
Proof: It is easy to see that if the equality in (2) holds evenutally, then 
Eq. (1) has a positive solution x(t) = cPar. In the rest of the proof we may 
assume that there exists a number T> t, such that t-r 2 to, g(t) > t, for 
t>,Tand 
/I = CP +s m (T-s) p(s)exp[a(T-g(s))] ds< 1 (3) T 
and condition (2) holds for t 3 T. 
Let X denote the Banach space of all continuous bounded functions 
defined on [to, co) taking values in R; the space X is endowed with the 
supnorm. 
Let Sz be the subset of X defined by 
Q= {yeX:O<y(t)Q 1 for t>to}. 
Define a map S:Q-+Xas 
(Sy)(t) = (Sl y)(t) + (S2 Y)(t)> 
where 
(‘l’)(t)= 
ceZTy( t - z), t>T 
(S, y)(T)+exp[c(T- t)] - 1, t,<t<T 
(4) 
(” ‘)(‘) = 
jt” A-4 expb(t -g(d)1 YMd) & t>, T
(S, y)(T), t,bt6 T, (5) 
where E = ln(2 - /Q/( T- to). 
It is easy to see that the integral in S2 is defined whenever y E Q. 
Clearly, the set 52 is closed, bounded, and convex in X. We shall show 
that for every pair x, ygQ 
s,x+s,yEsz. (6) 
In fact, for any x, YEO, we have 
(S,x)(t)+(S,y)(f)=ce”‘x(t-r)+Jm (t-s)p(s) 
I 
x exp C@ - g(d)1 A&)) ds 
d ce “+j- (t-S)p(S)exp[cr(t-g(s))] ds
, 
d 1, for tgT 
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(S,x)(t)+(S,y)(t)=(S,x)(T)+(S,y)(T)+expC~(T-t)l-f 
=/J+exp[s(T-t)]- 1 
</I+exp[s(T-t,)] - 1= 1, 
for t,<t<T. 
Obviously, (S, x)(t) + ( Sz y)(t) > 0 for t b t,. Thus, (6) is proved. 
Since 0 < ~8’ < 1, it follows that S, is a strict contraction. 
We now shall show that Sz is completely continuous. In fact, from condi- 
tion (2), there exists a positive constant A4 such that 
-I% p(s)expCGL(t--g(s))lds~M, for t > T. 
, 
Thus, we obtain 
~(4 expC@ - g(s))1 A&)) ds 
+ a jz (t-s) P(S) expL4t - s(s))1 Ads)) ds f 
<A4+CX, for t>T 
and 
f (&y)(t)=09 for t,<t< T. 
This implies that S2 is relatively compact. On the other hand, it is easy to 
see that S, is continuous and uniformly bounded, and so S, is a completely 
continuous map. 
By Krasnoselskii’s fixed point theorem, S has a fixed point yea, that is 
Y(f) = 
i 
ce”‘y(t-~)+.f;” (t-s)p(s)expCcr(t-g(s))ly(g(s))ds, t2T 
y(T) + expC4T- t)l - 1, t,<t<T. 
(7) 
Since y(t) B exp[s( T- t)] - 1 > 0 for to < t < T, it follows that y(t) > 0 for 
tdt,. Set 
x(t) = y(t) epZr. (8) 
Then (7) becomes 
x(r)=cx(r-T)+J= (t-s)p(s)x(g(s))ds, t 3 T. 
I 
EXISTENCE OF POSITIVE SOLUTIONS 
It follows that 
(x(t)-cx(t--))“+p(t)x(g(t))=O, for t > r, 
i.e., x(t) is an eventually positive solution of Eq. (1) and x(t) + 0 as t + co. 
The proof is complete. 
Remark. For the case c = 0, if condition (i) is replaced by 
(i)’ p(t) d 0, s(t) < t 
then the conclusion of Theorem 1 still holds. 
COROLLARY 1. Assume that 0 < c < 1, T > 0 and there exist constants 
p > 0, r d 0 such that eventually 
-p<p(t)<O, g(t) < t - r. (9) 
If the “majorant” equation 
(x(t)-cx(t-f))“=px(t-r), t2 t, (10) 
has a bounded positive solution, then Eq. (1) also has a positive solution x(t) 
and x(t) -+O as t + 00. 
Proof In view of [S], Eq. (10) has a bounded positive solution if and 
only if 
A’( - 1 + ce”*) + pe*’ = 0 (11) 
has a real root LY E (0, co). Thus, we have 
1 
ce”‘+-pe”‘= 1. 
a2 
Combining (9) and (12) we have 
tea* + 
i m (t-s) P(S) ewCa(t - g(s))1 ds I 
1 
<ce”‘+-pe”‘= 1, 
a2 
eventually. 
(12) 
By Theorem 1, Eq. (1) has a positive soplution x(t) which tends to zero as 
t -+ cc. The proof is complete. 
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THEOREM 2. Assume that c > 1, z > 0, and p(t) 6 0. Then Eq. (1) has a 
bounded positive solution ifand only if 
4 
x 
tp(t)dt<co. (13) 
10 
Proof. The proof of the sufficiency follows from Theorem 4 in Section 4. 
Necessity. If (13) does not hold, that is, 
4 
JL 
tp( r) dt = 00 (14) 
41 
we shall show that every bounded solution of Eq. ( 1) is oscillatory. Lety(t) 
be a bounded positive solution of Eq. (1). Set 
z(t)=y(t)-cy(t-T). (15) 
Then (1) becomes 
z”(t) + p(t) y(g(t)) = 0. (16) 
There are only the following two possible cases for z(t): 
(i) z”(t)>O, z’(t)<O, z(t)<O, t3t,3to 
(ii) z”(t)>O, z’(t)<O, z(t)>O, tat, 
If (i) holds, then there exists a finite number 1, > 0 such that 
lim z(t) = --I, 
t+o( 
Hence, 
-1, B z(t) < - $1,) for t3t23t,, (17) 
where t2 is a sufficiently large number. Equations (15) and (17) imply that 
cy(t-r) > i/i for t > t,. Since g(t) -+ cc as t -+ co, there exists a large 
number t, such that g(t) 2 t2 + z for t > t, 2 t,. Thus, we have 
cyk(t))> -319 for t> t,. (18) 
Combining (16) and (18) we have 
cz”( t) 3 -41, p(t), for tat,. (19) 
If (ii) holds, then 
Y(t)>Y(t--h for tat, 
EXISTENCE OF POSITIVE SOLUTIONS 7 
which implies that 
y(t)>M= min Y(S) > 0, tat,. (20) r,<X<f,+r 
Substituting (20) into (16), we have 
z”(f) 3 -Mp(t). (21) 
According to the discussion above, there always exist positive constants M, 
and i> t, such that 
z”(t) 3 -Mop(t), t 2 i (22) 
Integrating (22) from t to T, we obtain 
z’(T)-z’(t)> -MO j’p(s)ds, i<t-cT. 
f 
Hence, 
s 
r -z’(t) > -M, P(S) 4 i<t-cT. I (23) 
Again integrating (23) from t to T > t 3 i, we have 
z(t)>z(T)-M,jTjTp(u)duds 
I 5 
=z(T)-M0 j’(u-t)p(u)du 
, 
which leads to a contradiction by letting T + co. The proof is complete. 
3. p(t)>0 
THEOREM 3. Assume that 
(i) c>O, p(t)>O, andg(t+T)<t 
(ii) there exists a constant LX> 0 such that 
1 - e-r? +I jw (s-t-~)p(s)exp[or(t-g(s))ldsdl (24) c c ,+r 
for all suflciently large t. Then Eq. (1) has a positive solution x(t) and 
x(t)+Oas t-+oO. 
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Proof: If the equality in (24) holds eventually, then x(t) = ePyr is a 
solution. Now we assume that there exists T> t,, such that t + t 3 t,, 
g( t + T) 2 t, for t 3 T, 
fl=~eezT+~~~+, (s-T--)p(s)exp[a(T-g(s))]ds<l (25) 
and (24) holds for t > T. 
Define the Banach space X and its subset Q as in the proof of 
Theorem 1. Define a map 5’ : Q + X as follows: 
(Sy)(t) = (S, Y)(f) + (S, y)(t), (26) 
where 
1 
- eC”‘y(t + z), t>,T 
(S, Y)(l) = c 
(S, y)(T) + evC4T- t)l - 1, to< t f T. 
1 m - 
i 0 - t - ~1 P(S) exp[a(t - g(s))1 h(s)) 4 f b T 
(&y)(t)= c I+1 
(S, Y)(T)> t,dtf T, 
where s=ln(2-/?)/(T-t,). 
As in the proof in Theorem 1, we can show that the map S satisfies all 
the conditions of Krasnoselskii’s fixed point theorem, and so S has a fixed 
point y in 52. Clearly, y(t) > 0 for t > t,. It is easy to check that 
x(t) = y(t) eBa’ is a solution of Eq. (1 ), and so the proof is complete. 
COROLLARY 2. Assume that 0 < c < 1, z > 0 and there exist constants 
p > 0, r > T such that eventually 
g(t) < t - r. (27) 
If the “majorant” equation 
(x(t)-cx(t--))“+px(t-r)=O, t 2 t, (28) 
has a positive solution, then Eq. (1) also has a positive solution. 
Since the proof is similar to the proof of Corollary 1, we omit it here. 
EXISTENCE OF POSITIVE SOLUTIONS 
4. p(t) MAY BE OSCILLATING 
THEOREM 4. Assume that c > 1 and that 
j 
cc 
s Ip( ds < U-J. 
4 
(29) 
Then Eq.( 1) has a bounded positive solution. 
Proof: Let T> t, be a sufliciently large number such that t + z > to, 
g( t + z) 2 to for t > T and 
5 ,:, s Ip( ds< (c- 1)/4, 
t > T. (30) 
Consider the Banach space X of all continuous bounded functions 
defined on [to, CO) with the norm 
llxll = SUP Ix(t)l, I > to 
Set 
Q= {xEX:&<x(t)<2c, for t2to}. 
Clearly, Q is a bounded closed convex subset of X. Define a map S: Q -+ X 
as 
(Sx)(t) = +f J-t:, (s - t - T) P(S) x(!?(s)) ds, t>T 
(31) 
(Sx)( TL t,dt<T. 
It is easy to show that X2 E Q. In fact, for any x E 52, we have 
(sx)(t)<c-l+;.2c+~ jx (s - t-T) Ip( .2c ds 
c I+? 
c+l 
bc+ -<2c, 
2 
for t>T 
lc 100 
(Sx)(t)2c- 1+-.--- 
c 2 c s 
(s-t-T) Ip( .2cds 
,+r 
ac-I+;-2 
c-l 1 
4=2 c, 
for t 2 T. 
Clearly, tc < (sx)(t) = (Sx)(T) d 2c, for t, Q t d T. Therefore SQ s Q. 
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We shall show that S is a contraction. For any x, , x2 E Q, we have 
+i 1 x (s -t - ~1 Ip( Ix,k(s)) - xz(s(s))l ds c Ifi 
<’ 11x1 -q/l +f lb, -xz/I x k----Z) Ip( ds c If7 
for t>,T 
which implies that 
IISx,-Sx,ll =w I(Sx,)(t)-(S~Y,)(t)l 1s 10 
= SUP I(sx,)(t) - (Sx,)(t)l 
12T 
<f I+; 11x, -x111. ( ) 
Since $( 1 + 3/c) < 1, it implies that S is a contraction. Hence, there exists 
a fixed point x E Q. It is easy to see that x(t) is a bounded positive solution 
of Eq. (1). The proof is complete. 
THEOREM 5. Assume that 0 < c < 1, z > 0 and condition (29) holds. Then 
Eq. (1) has a bounded positive solution. 
Since this proof can be carried out by the arguments of the proof of 
Theorem 4, we omit it here. 
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